We consider a simplified model of quantum gravity using a mini-superspace description of an isotropic and homogeneous universe with dust. We derive the corresponding Friedmann equations for the scale factor, which now contain a dependence on the wave function. We identify wave functions for which the quantum effects lead to a period of accelerated expansion that is in agreement with the apparent evolution of our universe, without introducing a cosmological constant.
Introduction
Within the classical Friedmann-Lemaître-Robertson-Walker model of the universe the cosmological constant Λ provides an effective way to account for cosmological data showing acceleration in the cosmic expansion. That model assumes a homogeneous and isotropic universe with metric ds 2 = dt 2 − a(t) 2 dΩ 2 k
with a the scale factor and dΩ 2 k the spatial line element with spatial curvature k = 0, ±1, for which the Einstein equation gives rise to the Friedmann equations. If matter is a perfect fluid with mass density ρ and pressure p, then the scale factor enters the Hubble parameter H =ȧ/a to satisfy
where κ 2 = 4πG/3, G is Newton's constant, and R refers to the size of the universe. The second Friedmann equation isä
The presence of Λ in the right-hand side thus indeed makes all the difference for cosmic acceleration so it seems. The jury is still out on the exact nature or physical origin of that Λ [1] . In particular it is not settled whether the cosmological constant is strictly of quantum mechanical origin and/or whether it represents a systematic (dynamical) versus a fluctuation effect. One suggestion is that in a UV complete theory it corresponds to the quantum vacuum energy. Another suggestion is to attribute Λ to the back-reaction of cosmic fluctuations onto the background evolution or even to a violation of the Copernican principle by assigning a special place for the earth in the universe [2, 3] .
In the case of a dust universe, the pressure term in (3) is negligible, p/c 2 = 0, and we think of a perfect classical fluid which has very small kinetic energy compared to its rest mass. In the present paper we discuss the modifications of the corresponding Friedmann equations (2)-(3) in the context of a mini-superspace description of quantum gravity following ideas of Squires [4] and of Pinto-Neto and Santini [5] . The set-up thus arises from applying the usual quantization techniques to a symmetry-reduced classical theory but, in contrast with [5] where stiff matter is considered, in the present paper matter is given by dust as described by Brown and Kuchař [6] , which seems more adequate to describe the universe shortly after recombination. Similarly as in [5] we find that the evolution may display accelerated expansion, without any need for an explicit cosmological constant. The comparison with the ΛCDM observations turns out to be remarkably good here.
In the next section, we present the quantum description of gravity coupled to dust in the case of mini-superspace. The wave equation has the simple form of the free Schrödinger equation with the matter field playing the role of a clock variable. The quantum Friedmann equations follow from that equation by identifying the rate of change of the scale factor with the flux in the corresponding continuity equation. We discuss the main constraints on the dynamics in Section 3. The time-evolution of the scale factor is investigated in Section 4 for describing a scenario with cosmic acceleration. We give examples of wave functions for which there is a period of accelerated expansion of the universe, without introducing a cosmological constant, which fit the ΛCDM data very well. We conclude in Section 5.
Mini-superspace with dust
A possible quantum description of the coupling between gravity and matter proceeds via the Wheeler-DeWitt equation [7] . We make two simplifications. First of all, we limit ourselves to an analysis in mini-superspace by assuming homogeneity and isotropy where the wave function (of the universe) becomes a function of the scale factor and the matter field, that matter being a comoving dust (ideal pressure-less fluid). That modeling follows as a special case of the Brown-Kuchař description of dust [6, 8] .
In the case of zero curvature k = 0 and zero cosmological constant Λ = 0, the WheelerDeWitt equation is 1
where ψ represents the wave function of the universe in that reduced description. It is a function of the scale factor and a scalar T ∈ R (with dimensions of time), which parametrizes the dust fluid (classically it determines the four-velocity of the fluid). V is the comoving volume, which must be such that the volume today V a 3 must exceed the Hubble volume [8] .
In terms of the polar decomposition ψ = |ψ|e iS/ , it is natural to take the evolution of the scale factor to be
The last equation implies that T = −t (up to a constant), so that the matter scalar T can be treated a clock variable. Introducing the constant m = V c 2 κ 2 (with dimensions of mass × length 2 ), we obtain the "quantum Friedmann equations,"
where,
may be called a quantum force. The equation (7) is obtained by taking the time-derivative of (6) and using the Wheeler-DeWitt equation (4) . While classical dust always decelerates the expansion,ä = −κ 2 ρa < 0 in (3), that is not necessarily so in the quantum case where F ψ may be non-zero and we may have eras of accelerated expansion as we will discover in Section 4. The second equality in (6), i.e., the definition of an effective density ρ eff , is inspired by (2) . Note that for a classical dust universe, we have in addition to the equations (2)-(3) (with p = k = Λ = 0) that d(ρa 3 )/dt = 0, so that ρ = ρ 0 /a 3 with ρ 0 a constant. The quantum dynamics (5) reduces to the classical one iff (∂ a S) 2 /a is constant along the trajectory. But typical solutions of (4)- (5) do not fulfill that condition.
We continue in the next section with a general discussion on further constraints before we analyze in Section 4 the nature of the accelerated expansion that follows from (4) and (5).
Constraints: boundary conditions and scale
We first simplify the dynamics and express it in terms of dimensionless variables by introducing x := 2 3 a 3/2 ≥ 0 and the dimensionless time-variable τ := t/t 0 with t 0 ≈ 10 10 years, which is of the order of the age of our universe, and the dimensionless parameter M :=
. The dynamics (4) and (5) then reduces to the simple form
2 Those equations correspond to Bohmian dynamics, where the velocity field is proportional to the conserved current implied by the Wheeler-DeWitt equation (4) . The conserved current is (
, which satisfies ∂ T J T + ∂ a J a = 0. See [9] for details.
which are the familiar equations for a non-relativistic free particle on the half-line with mass M .
Boundary conditions
As usual, the dynamics (9) may be taken as unitary on the Hilbert space L 2 (0, +∞) with flux-prohibiting boundary conditions: ψ| x=0 = ∂ x ψ| x=0 with ∈ R ∪ {∞}, see e.g. [8] . These boundary conditions imply that the density |ψ(x, t)| 2 is preserved by the dynamics (10) and can be taken as a probability distribution. Moreover, since (|ψ| 2 ∂ x S)| x=0 = 0, trajectories never visit x = a = 0 (after a finite cosmic proper time). In other words, there is never a big bang or big crunch. Trajectories can also not reach +∞ in finite time, which means that there is no big rip. Despite appearances however, the dynamics (9) is not quite the usual Schrödinger equation; it remains a Wheeler-deWitt equation in which the variable τ started out to represent the dust content. It is then less clear what is the Hilbert space or why the wave function would satisfy such a boundary condition as above. Rather we may consider and allow a flux through x = 0 which leads to the possibility of a big bang or big crunch. For example, the Vilenkin-type wave functions are of such a kind [10] .
In the following section, we consider wave functions for which there is flux through x = 0 as well as a wave function for which there is no flux. The former will give big bang trajectories while the latter will give bouncing trajectories (where a minimal spatial volume is reached). In any case, we must remember that we merely consider a dust model of our universe, and near the big bang the trajectories should not be taken too seriously as that concerns a radiation dominated era.
Scale
The parameter M in the equations (9)- (10) depends on V . To model our universe, the spatial volume should at least be our current Hubble volume, which is of the order (10 10 lightyear) 3 . Fixing the value of the scale factor a today to be one, we take V = (10 10 lightyear) 3 . As such, M is roughly of the order of 10 120 .
The observed universe demands that trajectories solving the dynamics connect the initial big bang (
, so that the expansion rate must be of order one. Looking at (10), since the "mass" M is exceedingly large we must have ∂ x S large as well. That can be obtained in various ways but it does constrain the possible wave functions or initial conditions. As an example, consider a Gaussian wave function,
To have the desired expansion rate, we take v of order 1 and σ such that σ 2 M 1. Then, the wave packet has a high O(M ) momentum. (Alternatively, we could take σ appropriately small, but then x(0) would have to be far away from the bulk of the packet.)
A second problem related to the large value of M is numerical. To solve (9)-(10) with parameter M = 10 120 requires the time-steps to have a size of order 10 −120 . As shown in the Appendix, that problem can be overcome by instead solving directly the limiting case M → ∞. By taking this limit a simplified integration method is available.
Acceleration as a quantum effect
As is apparent from the second quantum Friedmann equation (7), it is the quantum force F ψ that enables acceleration of the expansion. Of course, not all (initial) wave functions ψ lead to universes compatible with cosmological observations. Here we investigate how easy it is to get full qualitative and even quantitative compatibility for some class of wave functions. We consider three different wave functions: two different superpositions of Gaussian wave packets for which the evolution of the scale factor is obtained numerically and one for an Airy wave where the solution is exact. For each case we aim to fit a ΛCDM universe with parameters H 0 = 70 km/s/Mpc (the Hubble parameter today), Ω M = 1 − Ω Λ = 0.3 (the matter and dark energy density parameter), so that the age of the universe is t 0 = 13.4 Gyear.
Gaussian superposition with big bang trajectories
Using the notation (11), we consider first a superposition of two Gaussian wave functions,
with parameters
This wave function carries incoming flux at the origin x = 0: all trajectories x(τ ) move from the negative reals at early times to the positive reals later on. When passing through x = 0 a big bang occurs whereby the universe is newly created. The two packets move at high but comparable momentum towards larger x with the second one overtaking the first one, at which moment the acceleration sets in. We refer to the Appendix for the numerical recipe that produces the trajectories. In all, we get a very good fit to our ΛCDM universe up to a redshift z = 1 a − 1 of about 4 (corresponding to the time interval τ ∈ [0.2, 1]); see Fig. 1 . This model predicts that, in the far future, the cosmic expansion will decelerate again and converge onto a trajectory of the form a(τ ) ∼ (3(τ − τ 0 )) 2/3 , as exhibited in the lower part of Fig. 1 . Moreover the acceleration remains relatively mild without excessive choices of the parameters (14) (the velocities and widths are of the same order in the two packets). Therefore, that those trajectories in bounded time-intervals resemble "coincident" ΛCDM models (i.e., those with [11] ) seems to appear here "naturally." Figure 1 : The evolution of the scale factor a(τ ) in the case of the Gaussian superposition (14) . Upper plot: the current history of "our" ΛCDM model and a fitting trajectory (which agrees very well). We also compare with an Einstein-de Sitter universe, i.e., with a dust-dominated universe, a(t) ∝ (τ − τ B ) 2/3 fitting the observed expansion H 0 of today. Lower plot: a longer-time comparison of the evolution of our ΛCDM universe with the same trajectory, showing a deviation in our future.
Gaussian superposition with bouncing trajectories
In this Section we consider a unitary evolution for the following superposition of four Gaussians:
where v 1 = 0.82, v 2 = 1.10, σ 1 = 6.34 × 10 −6 , σ 2 = 0.79. This wave function satisfies the Neumann boundary condition towards x = 0+ and hence its L 2 -norm is preserved on the half-line (0, +∞). As said before, that implies that trajectories never start with a big bang or end up in a big crunch. The value of σ 1 is chosen such that there is a bounce with a minimal scale factor within 10 −4 for the range of initial conditions we are interested in: in our universe that scale-factor lies beyond the surface of last-scattering and well in the radiation-dominated epoch. To numerically calculate the trajectories, we again use the limit M → ∞ as explained in the Appendix. In Fig. 2 , we consider 5 different initial values x(0) ∈ I := [1.2 × 10 −6 , 4.4 × 10 −6 ]. For each of those values, the scale factor a(t) decelerates (the abrupt change in speed stems from the fact that σ 1 1) and then accelerates before finally (in our future) to decelerate again onto a classical a(τ ) ∝ τ 2/3 trajectory. The first epochs are in qualitative agreement with our ΛCDM model. The |ψ| 2 -probability of the range I is about 15%, so that these initial conditions are not particularly special.
Airy wave train
Finally, we consider the Airy packet solution, [12] ,
parameterized by B and τ 0 . Here, [13] ,
For late times, a(τ ) ∼ τ 4/3 , which is the classical motion corresponding to a perfect fluid with equation of state p = −ρ/2. That illustrates that quantum solutions may behave very differently from the classical ones.
If B > 0 and x(τ 0 ) ≥ 0 (which implies that x(0) > 0), then the trajectory corresponds to a bouncing universe. (So even though there is a non-zero flux through x = 0, a particular trajectory may never reach x = 0). Moreover, such trajectories are always accelerating, very much unlike classical trajectories which are constantly decelerating. 
Conclusion
The quantum analogue of a Friedmann-Lemaître-Robertson-Walker model of the universe considers a mini-superspace model. We have shown that for a quantum mini-superspace model with dust, there are solutions for which the universe undergoes a period of accelerated expansion. The proposed scenario is simple and explicit with the accelerated expansion being directly caused by a "quantum force," appearing in the second quantum Friedmann equation. The ease by which a moderately long epoch of mildly accelerated expansion is thus created suggests that a universe where the apparent or inferred dark energy would come in roughly the same amount as the observed dust energy (coincidence problem) is a natural outcome of our model. In particular, a number of explicit examples show that accomodating the concordance ΛCDM model is easy and no fine-tuning is required for a good fit. From a formal point of view the quantum force is a time-dependent and signed addition to the classical Friedmann equation which readily shows cosmic acceleration without the explicit addition of a fixed positive term (cosmological constant). It remains to be seen whether such an effect can also be obtained in full quantum gravity or whether this is just an artefact of the mini-superspace approximation. In particular, the mini-superspace description is not derived from full quantum gravity but from quantizing the symmetry-reduced classical theory with an effective decription of a dust fluid in terms of a non-canonical scalar field.
where P τ (x) is the cumulative probability distribution
That is, trajectories correspond to the contours of the cumulative distribution function. Consider now a Gaussian superposition (normalized over the real line)
It can be shown that the corresponding trajectories x M (τ ) of the rescaled scale factor converge uniformly to x ∞ (τ ) under the limit M → ∞ (with x j , σ j , v j constant), where x ∞ (τ ) is the contour of the following cumulative probability distribution 
Assuming for simplicity that all the velocities v j in (19) are different and letting P τ,M be the cumulative distribution function associated to the wave function (19), we have that P τ,M converges to (20), in the sense that P τ,M − P τ,∞ ∞ ≤ C M sup 1≤i<j≤N 1 |v i −v j | for some parameter-independent O(1) constant C. Finally, it can be shown that a converging P M gives rise to converging orbits x M as M ↑ ∞.
In conclusion, the error in numerically solving the trajectories made by replacing M = 10 120 with M = ∞ is indeed negligible, and we can use the far simpler recipe provided by (21).
